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Abstract 

We find the rules of the conformal transformation for the energetic quantities such as the Einstein 
energy-momentum complex, the Bergmann-Thomson angular momentum complex, the superen- 
ergy tensor, and the angular supermomentum tensor of gravitation and matter. 

We show that the conformal transformation rules for the matter parts of both the Einstein 
complex and the Bergmann-Thomson complex are fairly simple, while the transformation rules for 
their gravitational parts are more complicated. We also find that the transformational rules of the 
superenergy tensor of matter and the superenergy tensor of gravity are quite complicated except for 
the case of a pure gravity. In such a special case the superenergy density as well as the sum of the 
superenergy density and the matter energy density are invariants of the conformal transformation. 
Besides, in that case, a conformal invariant is also the Bel-Robinson tensor which is a part of the 
superenergy tensor. As for the angular supermomentum tensor of gravity - it emerges that its 
transformational rule even for a pure gravity is quite complicated but this is not the case for the 
angular supermomentum tensor of matter. 

Having investigated some technicalities of the conformal transformations, we also find the con- 
formal transformation rule for the curvature invariants and, in particular, for the Gauss-Bonnet 
invariant in a spacetime of arbitrary dimension. 
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I. INTRODUCTION 



It is widely known that there exists a problem of the energy-momentum of gravitational 
field in general relativity. Since the gravitational field may locally vanish, then one is always 
able to find the frame in which the energy-momentum of the gravitational field vanishes 
in this frame, while it may not vanish in the other frames. In fact, the physical objects 
which describe this situation are not tensors, and they are called the gravitational field 
pseudotensors. They form the energy-momentum complexes which are the sums of the 
obvious energy-momentum tensors of matter and appropriate pseudotensors. The choice of 
the gravitational field pseudotensor is not unique so that many different definitions of the 
pseudotensors have been proposed. To our knowledge, the most frequently used are the 
energy-momentum complexes of Einstein [1], Landau-Lifshitz [2], M0ller [3], Papapetrou 
[4], Bergmann-Thomson [5], Weinberg [6], and Bak-Cangemi-Jackiw [7]. Among them only 
Landau-lifshitz, Weinberg, and Bak-Cangemi-Jackiw pseudotensors are symmetric. On the 
other hand, only the Einstein complex is canonical. Bearing in mind the formalism of field 
theory, it is obvious that there also exist the angular momentum complexes. Among them 
the Bergmann-Thomson angular momentum complex [5] and the Landau-Lifshitz angular 
momentum complex [2] are most widely used. 

The arbitrariness of the choice of pseudotensors and the fact that they usually give dif- 
ferent results for the same spacetime inspired some authors [8-10] to define quantities which 
describe the generalized energy-momentum content of the gravitational field in a tensorial 
way. These quantities are called gravitational superenergy tensors [8] and gravitational 
angular supermomentum tensors [9] or super ^ -energy tensors [10]. 

The canonical superenergy tensors and the canonical angular supermomentum tensors 
have successfully been calculated for plane, plane-fronted and cylindrical gravitational waves, 
Friedmann universes, Schwarzschild, and Kerr spacetimes [8, 9]. 

By use of the superenergy and angular supermomentum tensors one can also prove that 
a real gravitational wave with Rikim ^ possesses and carries positive-definite superenergy 
and angular supermomentum [8, 9, 11]. 

In Refs. [12, 13], the properties of the Einstein and Bergmann-Thomson complexes as 
well as the superenergy and supermomentum tensors for Godel spacetime were studied. It 
was shown that the former were sensitive to a particular choice of coordinates while the 
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latter were coordinate-independent. Some interesting properties of superenergy and super- 
momentum were found. For example, the relation between the positivity of the superenergy 
and causality violation. 

In this paper we are going to discuss another interesting problem - the sensitivity of 
the complexes, superenergy and supermomentum to the conformal transformations of the 
metric tensor [14]. Conformal transformations are interesting characteristics of the scalar- 
tensor theories of gravity [15-18], including its conformally invariant version [19-22]. The 
point is that these theories can be represented in the two conformally related frames: the 
Jordan frame in which the scalar field is non-minimally coupled to the metric tensor, and 
in the Einstein frame in which it is minimally coupled to the metric tensor. It is most 
striking that the scalar-tensor theories of gravity are the low-energy limits of the currently 
considered as the most fundamental unification of interactions theory such as superstring 
theory [23-26] . It has been shown that some physical processes such as the universe inflation 
and density perturbations look different in conformally related frames [25, 26]. This is the 
main motivation why we find interesting to investigate the problem of energy-momentum in 
the context of conformal transformations. Inspired by similar ideas, in Ref. [27] it was shown 
that Arnowitt-Deser-Misner (ADM) masses were invariant in different conformal frames for 
asymptotically AdS and flat spacetimes as long as the conformal factor goes to unity at 
infinity. 

Our paper is organized as follows. In Section II we give basic review of the idea of the con- 
formal transformations of the metric tensor and discuss the transformational properties of 
the geometric quantities such as, for example, the Gauss-Bonnet invariant in D— spacetime 
dimensions. In Section III we discuss the conformal transformation of the Einstein energy- 
momentum complex while in the Section IV the conformal transformation of the Bergmann- 
Thomson angular momentum complex. In Section V we discuss the conformal transfor- 
mation of the superenergy tensors and in Section VI the conformal transformations of the 
angular supermomentum tensors. In Section VII we give our conclusions. 
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II. BASIC PROPERTIES OF CONFORMAL TRANSFORMATIONS 



Consider a spacetime (A4,g a b), where M. is a smooth n— dimensional manifold and g ab is 
a Lorentzian metric on M. The following conformal transformation 



where f2 is a smooth, non-vanishing function of the spacetime point is a point-dependent 
rescaling of the metric and is called a conformal factor. It must be a twice-differentiable 
function of coordinates x k and lie in the range < f2 < oo (a,b,k,l = 0, 1, 2, ... D). The 
conformal transformations shrink or stretch the distances between the two points described 
by the same coordinate system x a on the manifold A4, but they preserve the angles between 
vectors (in particular null vectors which define light cones) which leads to a conservation of 
the (global) causal structure of the manifold [14]. If we take Q = const, we deal with the 
so-called scale transformations [16]. In fact, conformal transformations are localized scale 
transformations Q = Q(x). 

On the other hand, the coordinate transformations x a — > x a only change coordinates and 
do not change geometry so that they are entirely different from conformal transformations 
[14]. This is crucial since conformal transformations lead to a different physics [16]. Since 
this is usually related to a different coupling of a physical field to gravity, we will be talking 
about different frames in which the physics is studied (see also Refs. [20, 21] for a slightly 
different view). 

In D spacetime dimensions the determinant of the metric g = det g a b transforms as 



It is obvious from (II. 1) that the following relations for the inverse metrics and the spacetime 
intervals hold 



g ab (x) = n 2 



(x)9ab(x) , 



(II.l) 




(II.2) 



~9 ab = tt- 2 g 



(II.3) 
(II.4) 



d§ 2 = n 2 ds 2 . 



Finally, the notion of conformal flatness means that 



g ab Q 2 (x) = rj ab , 



(II.5) 
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where r\ ab is the flat Minkowski metric. 

The application of (II. 1) to the Christoffel connection coefficients gives [14] 

K b = T a b + ^ + g c b V a - g ab g c % d ) , f b ab = T b ab + (II.6) 

K b = i°t - ^ {g c Si, b + - ~g ab g cd n d ) , r b ab = r b ab - d^. (11.7) 

The Riemann tensors, Ricci tensors, and Ricci scalars in the two related frames g ab and 
g ab transform as [36] 



R\ cd = R a bcd + n [W* - s a c a bd + g bc ^ d - g b M%] 



(II.8) 



+ A [s a c n b n d - ssn b n c + g bd Q' a n, c - 9bc n' a n, d ] + ^ [5 a d9bc - 5 a c9bd ] 9ef n> e n>f , 



R a , 



hcd 



K bcd Q L 



$ d Q- b c — ficfybd + 9b c^ ,a - d — 9bd Q% 



(II.9) 



+ ^ m b c - S a jM] 9 ef^ J , 



R ab = R ab + ^ [2(d - 2)n a n b -(d- 3)n c n> c 9ab ] -^1(d- 2)n, ab + g ab an] (p.io) 



R ab = R ab - ^{D - l) 9ab Q tC Q' c + i ( d 2)n ulh w M □ Q 



(ii.ii) 



R = IT 2 
R = Q 2 



R-2(D- 1)=^ — (D — 1)(D — 4)g ab ^ 



IT 



R + 2(D-l)^-D(D-l)r b ^ 



and the appropriate d'Alambertian operators change under (II. 1) as 

□ = fr 2 (n<f> + (D- 2) 9 ab ^-<p 



(11.12) 
(11.13) 



(11.14) 
(11.15) 



In these formulas the d'Alembertian □ taken with respect to the metric g ab is different from 
□ which is taken with respect to a conformally rescaled metric g ab . Same refers to the 
covariant derivatives ~, and ; in (II.8)- (II. 11) - 
For the Einstein tensor we have 



G ab 
G ab 



G >* + [ 4Q ><A<> + (D- 5)tt c n> c g ab } - [Q, ab - 9ab nO\ , (11.16) 

D — 2 D — 2 

G ab -^ r (D-l)Q, e Q' e g ab + 



20? 



Q- ab — g ab □ ^ 



(11.17) 



An important feature of the conformal transformations is that they preserve Weyl con- 
formal curvature tensor (D > 3) 
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Cabcd = Rabcd + Y) _ 2 {3a[dRc]b + 9b[cRd]a) + ^ _ ^ ^9a[c9d\b , (11.18) 

which means that we have (note that one index is raised) 

C\ cd = C\ cd (11.19) 

under (II. 1). Using this property (11.19) and the rules (II. 1)- (II.3) one can easily conclude 
that the Weyl Lagrangian [28] 

~/^iabcdfi „ I ~ seabed 



L w = -a^-gC abcd C abcd = - a ^C abcd C abcd = L w (11.20) 

is an invariant of the conformal transformation (II. 1). 

In further considerations it would be useful to know the conformal transformation rules 
for the widely applied curvature invariants which are given by 

R 2 = IT 4 [R 2 + 4{D - 1) 2 Q~ 2 {DQ) 2 + (D- 1) 2 (D - 4) 2 Q- 4 g ab Q^ a Q yb g cd Q^Q 4 

- a(d - i)m- 1 na - 2R(d - i)(d - 4)tt~ 2 g ab n, a n, b 

+ 4(D-l) 2 (D-4)Q- 3 DQg ab n^n tb ] , (11.21) 

R ab R ab = IT 4 {R ab R ab - 2Q- 1 [(£> - 2)R ab Vt' ab + RDM] 

+ Q' 2 [4{D - 2)R ab Q' a Q' b - 2(D - 3)Rtt, e tt> e + (D - 2) 2 Q. ab Q' ab + {3D - 4) (Dfi) 2 ] 
- [(D - 2) 2 Q. ab Q' a Q' b - (D 2 -5D + 5)nQQ >e Q' e ] 

+ Q-\D -1){D 2 -5D + 8){Q, a Q> a ) 2 } , (11.22) 

Rabc d R abcd = jt 4 {R abcd R abcd - m- x R bc ^ c + 4fi~ 2 [(an) 2 + (d- 2)n. M n bc - Rn b n> b 

+ 4R bc n> b ri' c ] + 81T 3 [(£> - 3)Dfifi c fi' c - 2(D - 2)VL. b( tt> b VL> c ] 

+ 2Q^D{D- 1) (Q, a Q' a ) 2 } . (11.23) 

In fact out of these curvature invariants one forms the well-known Gauss-Bonnet term 
which is one of the Euler (or Lovelock) densities [29, 30]. Its conformal transformation (II. 1) 
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reads as 

Rgb = R ab cdR abcd - 4R ab R ab + R 2 = IT 4 {R GB + 4{D - 3)Q~ 1 [2R ab ^ ab - RUQ] 
+ 2(D - 3)1T 2 [2(D - 2) ((Dfi) 2 - n. ab a' ab ) - 8i? afe fi' a fi' b — (D — 6)i?fi a fi' a ] 
+ 4{D - 2){D - 3)1T 3 [(£> - 5)nQQ ta Q' a + 4Q. ab Q' a Q' b ] 

+ (D — 1)(D — 2){D — 3)(D — 8)fP 4 (fi a f2' a ) 2 } . (11.24) 
The inverse transformation is given by 



Rgb = R ab cdR abcd ~ 4R ab R ab + R 2 = n 4 \R GB - 4(D - 3)fl~ 1 



+ 2(D - 2){D - 3)VT 



2R ab ti ab -Ran 



2 (p - 2Qr ab ti ab - M. a {f' a 



(11.25) 



- (D — 1)(D — 2){D — 3)fT 3 4 (p tt) tt-a{V a - DQ- 1 (ajF) 2 ]} 



So far we have considered only geometrical part. For the matter part we usually consider 
matter lagrangian of the form 



Sri 



gQ- D d D x£ 



gd D xC m = S , 



[11.26) 



where the conformal transformation (II. 1) have been used [24]. Then, the energy-momentum 
tensor of matter in one conformal frame reads as 



rpab 
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V ~9 $9ab 

which under (II. 1) transforms as 



(yf^r D C^ = Q^-^^J- (V^C m ) , (11.27) 

xf=g dg ab 6g cd 



rpab Q—D—2rpab rpa Q~Drpa 

f = VL' D T . 

For the matter in the form of the perfect fluid with the four-velocity v a (v a v b 
energy density g and the pressure p 



T ab = (g + p)v a v b + pg ab , 



n„,b 



(11.28) 
(11.29) 

-1), the 



(11.30) 



the conformal transformation gives 



f ab = (g + p)v a v b + p~g ab , 



(11.31) 
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where 



and 



T ab = -L^ (v^An) , (IL32) 



Therefore, the relation between the pressure and the energy density in the conformally 
related frames reads as 

q = , (11.34) 

p = ir D P . (11.35) 

It is easy to note that the imposition of the conservation law in the first frame 

T ab b = , (11.36) 

gives in the conformally related frame 

f% = ~f . (11.37) 

From (11.37) it appears obvious that the conformally transformed energy-momentum tensor 
is conserved only, if the trace of it vanishes (T = 0) [6, 16, 19, 22]. For example, in the case 
of barotropic fluid with 

p = (7 — l)g 7 = const., (11.38) 

it is conserved only for the radiation-type fluid p = [1/(D — l)]g . 

Similar considerations are also true if we first impose the conservation law in the second 
frame 

f% = , (11.39) 

which gives in the conformally related frame (no tildes) 

T ab . b = —T . (11.40) 

Finally, it follows from (11.29) that that vanishing of the trace of the energy-momentum 
tensor in one frame necessarily requires its vanishing in the second frame, i.e., if T = in 
one frame, then T = in the second frame and vice versa. This means only the traceless 
type of matter fulfills the requirement of energy conservation. 
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III. EINSTEIN ENERGY-MOMENTUM COMPLEX IN CONFORMAL FRAMES 



Following our earlier work [12, 13] we consider the canonical double- index energy- 
momentum complex [1-3] 

gjf^vq^'+st/), (iii.i) 

where T tk is a symmetric energy-momentum tensor of matter which appears on the right- 
hand side of the Einstein equations and g is the determinant of the metric tensor. In fact, 
its definition results from the rewritten Einstein equations [3] 

V=g(T t k + E t t k )= F u l k \ l , (IH.2) 

where 

F U kl = - F U t lk = a-^=[(-g)(g ka g lb - g l «g k % (III.3) 
are Freud's superpotentials and 

E t k = a^5 k g ms (T l mr T r sl — T r ms T l rl ) 

+ g m T k ms - \Ka tp - r l tl g kt )g ms - \(s k r l ml + s k m r l sl )}} (m.4) 

is the Einstein's gravitational energy-momentum pseudotensor (a = c 4 /16rrG). It is useful 
to apply the property of metricity 

«r* = «f- - O as - r s m g ma = o , (111.5) 

to (HI. 4) and reduce it to a simpler form, i.e., 

E t k = «{^(r^r^-r^r^) + r« a (r^-r^) 

+ r^(O afc + r k a9 am ) - T k ms {TZg as + r s m g am )}- (m.6) 

Now, we apply the conformal transformation (II. 1) to the Einstein pseudotensor (III. 6). We 
assume that we start with the Einstein pseudotensor in the conformal frame (with tildes) 
and express it in the conformal frame (no tildes) as below 

E t k = ir 2 { t k + q-\d - 2)[5 k (r l rl w - g ms r ms n r ) + n^r* - g kt r l tl ) (111.7) 
+ (s afc r™fi m + r^ a )-2ry^ . 
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Note that in D = 2 the rule of transformation is very simple: E t k = ^e^, which seem 



to reflect the fact of the conformal flatness of all the two-dimensional manifolds. On the 
other hand, it is not so simple in the case of a flat space where all the Christoffel connection 
coefficients vanish. In a general case it is clear that the transformed Einstein pseudotensor 
would differ from the starting one. This seems to be natural conclusion in the context of its 
sensitivity to a change of coordinates (this is why we call it "pseudotensor") despite we do 
not change those coordinates here at all (cf. Section 11). 
From (II.2) and (III. 7) it follows that 



under conformal transformation (II. 1 ) . On the other hand, the transformation rule of the 
material part of the Einstein complex (III. 2) reads as (cf. (II. 2) and (11.28)) 



i.e., the quantity yf—gT* is an invariant of the conformal transformation (II. 1) . Besides, if 
the initial metric is Minkowskian, then the transformational rule (III. 7) simplifies since the 
terms which contain Y l kl vanish. 

IV. BERGMANN-THOMSON ANGULAR MOMENTUM COMPLEX IN CON- 
FORMAL FRAMES 

The Bergmann-Thomson angular momentum complex 




= n D V=g E t t k (in.8) 

V Ej 

+ (g ak r? a n m + r* n*) - 217^] + q-\d - \){d - 2)[s k n r n> r - 2^]} 




(III.9) 



BT 



M ijk = 



BT 



M jki = - Rr M jik 



(IV.10) 



consists of the sum of the material part 



in 




(iv.11) 



and the gravitational part 




a 



i //H//V /V') 



(IV.12) 



+ 
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where 



/ =g Br t ik :=V=gg ii Et i k + g ii ,FU i 



(IV.13) 

is the Bergmann-Thomson energy-momentum pseudotensor of the gravitational field [5] (see 
also [31]). 

As a consequence of the local energy-momentum conservation law 



(IV.14) 



which immediately follows from (III. 2), the angular momentum complex satisfies local con- 
servation laws 

BT M ij \ k = 0. (IV. 15) 

Under the conformal transformation (II. 1 ) , the material part m M yfc and the gravitational 
part g M^ k of the complex transform as 



x M iik = ri' 2 m M ijk , 



(IV. 16) 



where 



? M ij7c = g M ljk + ir 1 {2a v /=^(:ry 7 - x 3 g il )P k 

+ n b [4a(x l g l \ t - x=g l \ t )g la U^ ab - 2(x* F U^ 
- x J F U i[kb] ) + 4aU [ji]kb ]} + aQ~ 2 {6y/=g~{x l g jl 



x>g a )Q k -m b n t [{-g)({ 
W-^V 6 )]}> 



jgK - X ig^)gt>> 



(IV. 17) 



P k := 5 k (T\ rl g r % d -g ms T l ms ni) + ^ k t P 9 tP 

- T l tl g kt ) - 2T™ m g k m p + T k m g as Q >s + T m ia g ak Q tm , 



(IV.18) 



and 



Qi ■= 

jj[kt]ab 



5 k g ms n m n, s - 2 9 kp n l n p , 

-^[(-g)(g ka k tb - g ta g k % 



[km] 



a 



'-g 



g l a[(-g)(g ka g mb -g ma g kb )] >b , 



? jji[kb] 



gW m - 



(IV.19) 
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As we can see from above formulas the conformal transformation rule (IV. 16) for the matter 
part of the Bergmann-Thomson angular momentum complex is fairly simple. Let us also 
mention that the transformation (IV. 16) holds in any dimension of spacetime, while the 
transformation (IV. 17) holds only in D = 4 dimensions. Besides, if the initial metric is 
Minkowskian, then the transformational rule (IV. 17) further simplifies since the terms which 
contain T l kl , g ik j and g %k { vanish. In this case also g M ljk = 0. 



V. SUPERENERGY TENSORS IN CONFORMAL FRAMES 

Following [8] one is able to introduce the canonical superenergy tensor. The definition of 
the superenergy tensor S a b (P), which can be applied to an arbitrary gravitational as well as 
matter field is [12] 



J V 6) (y)-T (a) <V) 



S'">(P) = S b (P) := lim — ^- — , (V.l) 



n 



where 



T (a) ib \y) ■= T l \y)e\ a) {y)ef{yl 

T (a) {b) (P) ■= T i k {P)e\ a) {P)et\P) = T a \P) (V.2) 

are the tetrad components of a tensor or a pseudotensor field T i k (y) which describe an 
energy-momentum, y is the collection of normal coordinates NC(P) at a given point P, 
a(P,y) is the world-function, elJy), ef\y) denote an orthonormal tetrad field and its 
dual, respectively, e^(P) = 5 l a , e^\P) = 5%, e t ^(y)ef\y) = 5 b , and they are paralell 
propagated along geodesies through P. At P the tetrad and normal components of an object 
are equal. We apply this and omit tetrad brackets for indices of any quantity attached to 
the point P; for example, we write T ab (P) instead of T^ b \P) and so on. 

Firstly, the symmetric superenergy tensor of matter is given by (from now on we will also 
interchangeably use V to mark the covariant differentiation) [12] 

m S b (P) = 6 lm V (l V m) T b . (V.3) 

In terms of the four- velocity of an observer taken as co moving v l = 8 l (v l Vi = —1), a more 
convenient covariant form of (V.3) is 

m S a b (P;v l ) = h lm V (l V m) T a b , (V.4) 
12 



where 

h lm = 2v l v m + g lm = tfnl _ (y^ 

Secondly, the canonical superenergy tensor of the gravitational field reads as 

g S a b (P;v l ) = h lm W a b lm , (V.6) 



where 



W a b i m - — [B b alm + P b alm 

- ^ b a Rl:>k m( R ijkl + Rikjl) + 25 b R(i\ g R 



2>R a (i\R | m) + 2R ( ag) (i\R 9 \ m) ], (V.7) 



and 
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Bt> alm := 2-R 1 {l \Raik\m) - l Ri 3 km > 

is the Bel-Robinson tensor, while 



P b alm '■- 2Rbtk \l\Raki\m) ~ l^jm- (V.9) 



In vacuum, the gravitational superenergy tensor (V.6) reduces to a simpler form: 

9 S a b (P; v l ) = ^ti m iC b W {ll C mklm) - ^%,Q Mm) ] . (V.10) 

It is symmetric and the quadratic form g S a b(P;v l )v a v b is positive-definite. 

It is suggested [8, 12] that the superenergy tensor g S a b (P; v l ) should be taken as a quantity 
which may serve as the energy-momentum tensor for the gravitational field. Its advantage is 
that it is a conserved quantity in vacuum. The disadvantage is that the superenergy tensors 
g S a b (P;v l ) and m S a b (P;v l ) have the dimension: [the dimension of the components of an 
energy-momentum tensor (or pseudotensor)] xm~ 2 . This means it is rather that their flux 
gives the appropriate energy-momentum tensors or pseudotensors. However, in some other 
approach one is able to introduce average relative energy and angular momentum tensors 
which have proper dimension [32]. In fact, these new tensors differ from the superenergy 
and angular supermomentum tensors by a constant dimensional factor of (length) 2 . 

Now, we consider the conformal transformations of the superenergy tensors. For the 
matter superenergy tensor one has 



5* = ^V ( ,V m) f. fe (V.ll) 

13 



= Q~ 6 m S k + Q- 2 h lm [2 (Q- 4 ) ;W T> |;m) - (Q-% ml T t k 

+ n-*h lm [2v k m T t « ,(fi- 4 ) ;m) - ir lm T k (n-% p - ^r 4 );»] 

- r p lm {v k t Tt - v\ v T k ) - r^(v k mt T' - T t fc ) - i^ m 7t P + pVT™ - .J 



where 



and 



Pa 



6c 



^ cb — 1 ' y k 1 



v a bc = 5 a b n c + 5 a c n b - gbc g ad n d 

For the gravitational superenergy tensor one has 



(V.12) 
(V.13) 



g S b = n-%S a b + ^h lm {[(g k ^ ] , - + (^ fe] , - 5 [b ^)]^% 



+ < ^Q,~ 1 h lm (Q,~ 1 )., mc (g bc £l a i + ^ - 25 b Q a c - 25^ 



Aa 



+ g la Q bc + 5^ b a ) + ^-Q~ 2 h lm [2R b{tk) l9[a[k Q t]m] 
+ ( g ^\-S [b ^ k )R a(ik)m - 5 j(g k ^ j] ,-<^>)i^ )m 

+ 45 a (ir%(Q-i) ;mc <f c + e^- 1 ).^ -1 );™ 

+ + - 2#it* m fi ag - 2i?„m^ + 9la R 9 m n b g + R lm n b a )] 



36 



3' 



<?/A)] " Y^h lm [\{{^), al 5 b m + 5 b a (n-^ ml 



+ g^lJmXsg™ - -^n- 6 h lm (n% s g rs (5 b a R lm 

+ -^L R alS b m + 9alR b m ] + ^ mo/) 



where 



^ = 4fi _1 (fi -1 ). 6c g> ae - 2(ir 1 ) ;c (ir 1 ) ;f ^ 



(V.14) 



(V.15) 
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Bearing in mind (11.19), we have for a pure gravitational field that 

Cilmb = QitC 1 ^ = VfCilmb , (V.16) 

C klm a = tt~ 4 C klm a . (V.17) 

and so 

fjfc P-iklm ft , fiklmz-i ^ jrk/^ilmn/^ 

D iab — ° a^Umb + ^ b^ilma ~ Tfi ° a^lmnb 

C)—2 ( rfklm , /^iklm/-i ^ rfc /~ilmn \ l\j i o\ 

— " \y a L 'ilmb + ( ~' b^Urna ~ T^ i a lmnb J ' l V - i8 J 

which means that the four times covariant form of the Bel-Robinson tensor (V.8) for the 
pure gravitational field is an invariant of the conformal transformation, i.e., 

Bkiab = B kiah , (V.19) 

Similarly, for a pure gravity, from (V.9) and from the formulas given in Section II, one can 
easily obtain that 

g S a \P;v l ) = n- D g S a \P-v l ), (V.20) 

from which we have that 

^9 g S a \P^ 1 ) = V=9 g S a b (P;v l ), (V.21) 

i.e., the tensorial density y/—g g S a b (P; v l ) is an invariant of the conformal transformation 
(II. 1). For a conformally flat spacetime and for a pure gravitational field we have that 

A" = V^A b =« S a = V=9 g S a b = , (V.22) 
which is, for example, the case of the Friedman universes. 

VI. ANGULAR SUPERMOMENTUM TENSORS IN CONFORMAL FRAMES 

In this Section we further extend the notion of superenergy onto the angular momentum 
which has been introduced in Ref. [9]. 

The canonical angular supermomentum tensors can be defined in analogy to the canonical 
superenergy tensors as 

J[M^ b ^(y) - M^ b ^(P)]dn 
5 («)(b)(c)(p) = s abc (P) := lim , „ — — , (VI.23) 

n 
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where 

M^\y) := M ik \y)e { t\y)el\y)e { t\y\ (VI.24) 

M (a)(b)(c)( P ) ;= M lk \P)ef\P)ef (P)ef\p) = M %k \P)5 a i 5 b k 5 c l 

= M abc (P) (VI.25) 

are the physical (or tetrad) components of the field M lkl (y) = —M kd (y) which describe 
angular momentum densities. As in (V.1)-(V.2), e^(y), ef\y) denote orthonormal bases 
such that e| a ) (P) = 5 l a and its dual are parallel propagated along geodesies through P and Vt 
is a sufficiently small ball with centre at P. As in Section V we apply the fact that at P the 
tetrad and normal components of an object are equal and so we again omit tetrad brackets 
for indices of any quantity attached to the point P. 
For matter as M lkl (y) we take 

m M ik \y) = ^-g(y l T kl - y k T u ), (VI.26) 

where T lk are the components of a symmetric energy-momentum tensor of matter and y % 
denote the normal coordinates. The formula (VI.26) gives the total angular momentum 
densities, orbital and spinorial because the dynamical energy-momentum tensor of matter 
rpik comes f rom the canonical energy-momentum tensor by using the Belinfante-Rosenfeld 
symmetrization procedure and, therefore, includes the spin of matter [5]. Note that the 
normal coordinates y l form the components of the local radius- vector y with respect to the 
origin P. In consequence, the components of the m M lkl (y) form a tensor density. 

For the gravitational field we take the gravitational angular momentum pseudotensor of 
Bergmann and Thomson (IV. 12) to construct 

g M ik \y) = F U* kl \y) f U k M(y) + v^Mt^ - Vst*"), (VL27) 

where F U 1 ^ := g F n Um k ^ are von Freud superpotentials (III. 3). 

In fact, the Bergmann-Thomson pseudotensor can be interpreted as the sum of the spino- 
rial part 

S ikl : =p U i[kl] - F U m (VI.28) 

and the orbital part 

O m := V^~g{y l BT t kl - y k BT t a ) (VI.29) 
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of the gravitational angular momentum densities. 

Substitution of (VI. 26) and (VI. 27) (expanded up to third order) into (VI. 23) gives the 
canonical angular supermomentum tensors for matter and gravitation, respectively [9], 

m S abc {P;v l ) = 2[h ap V p T bc -h bp V p T ac ], (VI.30) 



g S abc (P;v l ) = ah pt [(g ac g br -g bc g ar )V {t R pr) 

r) -2g br V (t R% r 



+ 2g ar V (t BS b ; ] r - 2g br V (t R% c) 



2 
3< 



- -g ac {V r R\ b p) -V [p R b t) )]. (VI.31) 



Both these tensors are antisymmetric in the first two indices S abc = —S bac . In vacuum, the 
gravitational canonical angular supermomentum tensor (VI.31) simplifies to 

gS a bc{p . yi) = 2ah pt [g ar V {p R ib t c) r) - g br V {p R { \ c) r) }. (VI.32) 

Note that the orbital part O lkl = \f-~g(y l BT t kl — y^T^ 1 ) gi ves no contribution to g S abc (P; v l ). 
Only the spinorial part S M — F U 1 ^ — F U k ^ contributes. Also, the canonical angular 
supermomentum tensor g S abc (P; v l ) and m S abc (P; v l ) of gravitation and matter do not require 
the introduction of the notion of a radius vector. 

After some algebra, one may show that there are the following transformational rules for 
the angular supermomentum tensors of matter m S lkl (P; v a ) and for pure gravitation (which 
is composed of the Weyl tensor only) g S lkl (P;v a ) under conformal transformation (II. 1): 

m S ik \P;v a ) = Q- 8 m S lkl {P;v a )+4tt~ 8 [h p[l {P k] pr T rl 

+ P l pr T k]r )] - 24{l- 9 h p[t n, p T k]l ; (VI.33) 

g S m (P;v a ) = n'\S tk \P ] v a ) + 2an^K pt {g lb \P { \ M C^ h k) p) 

p(fc (-j) s ps k) p S ^(l k) l 

^ (t|s|° b p) ~ r (tb U \s\ p)~^(tp^ b) si 

n kb\p(l /nr|s| i) , p(i J) s ps r (l i) 

y v r b P )^ r (t\ s \ c bp) r (tb u \ s \ p) 

- p\tpC {> y> j} 

- Aa^h tp [g^ t C% k) p) - g kb Q t d l ^ p) ] , (VI.34) 
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with h lm and P a bc given by (V.5) and (V.12) and C a bcd being the components of the Weyl 
conformal curvature tensor (11.18). It is obvious that in a conformally flat spacetime, one 
has 

g S ikl = g S ikl = 0. (VI.35) 

VII. CONCLUSION 

In this paper we have analyzed the rules of the conformal transformations of the energetic 
and superenergetic quantities which were proposed in general relativity and can be applied to 
some extended theories of gravity in which physics is studied in different conformal frames. 

In particular, we have found the rules of the conformal transformation for the energetic 
quantities such as the Einstein energy-momentum complex, the Bergmann-Thomson angular 
momentum complex, the superenergy tensor, and the angular supermomentum tensor of 
gravitation and matter. 

We have shown that the conformal transformation rules for the matter parts of both 
the Einstein complex and the Bergmann-Thomson complex are fairly simple (Eqs. (III. 9) 
and (IV. 16)), while the transformation rules for their gravitational parts are more compli- 
cated (Eqs. (Ill- 7) and (IV. 17)). We have also found that the transformational rules of 
the superenergy tensor of matter (V.ll) and the superenergy tensor of gravity (V.14) are 
quite complicated, except for the case of a pure gravity (V.20). In such a special case the 
superenergy density as well as the sum of the matter energy density and the superenergy 
density are invariants of the conformal transformation, i.e. 

(if + 9 = V^g" (t? + g s*) . 

Besides, in that case (of a pure gravity), a conformal invariant is also the Bel- Robinson 
tensor 

which is a part of the superenergy tensor. As for the angular supermomentum tensor of 
gravity - it emerges that its transformational rule (VI. 34), even for a pure gravity, is quite 
complicated. This, however, is not the case for the angular supermomentum tensor of matter 
(Eq. (VI.33)). 
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Some other remarks from our investigations are as follows. The conformal transformation 
rule of the Einstein pseudotensor (III. 7) vastly simplifies in D = 2 dimensional spacetime. 
This seem to reflect the fact that all the two-dimensional manifolds are conformally flat. 
On the other hand, both a pure gravity superenergy tensor and a pure gravity angular 
supermomentum tensor vanish in all conformally flat spacetimes. 

Because the superenergetic quantities are constructed of some combinations of the ge- 
ometric quantities, we have studied the rules of their transformations from one conformal 
frame to another. In particular, we have derived the rules of the conformal transformation 
for the curvature invariants R 2 , R ah R ah ', R abcd R abcd (Eqs. (II.21)-(II.23)) and the Gauss- 
Bonnet invariant R GB = R abcd R abcd - AR ab R ah + R 2 (Eqs. (II.24)-(II.25)) in an arbitrary 
spacetime dimension. 

All the rules we found would be applied to the discussion of the conformal transformation 
of energetic and superenergetic quantities in some special models of spacetime [33] . Espe- 
cially, these rules should be very effective to calculate energetic and superenergetic quantities 
in conformally flat spacetimes. 

Quite recently, the form of the energy-momentum complexes within the framework of 
extended gravity f(R) theories have been studied [34]. In fact, it is very common to use 
conformal frames (Jordan and Einstein) in presentation of these theories [35] so that our 
results of Sections III and IV can be applied to study the sensitivity of the energy-momentum 
complexes to conformal transformations in these more general theories of gravity. On the 
other hand, since the complexes are sensitive to coordinate transformations, then it would be 
much better to study the superenergy and the angular supermomentum (which are covariant) 
in f(R) theories of gravity with the stress onto the problem of their sensitivity to conformal 
transformations. 

VIII. ACKNOWLEDGMENTS 

The authors acknowledge partial support of the Polish Ministry of Education and Science 
grant No 1 P03B 043 29 (years 2005-2007). We thank Adam Balcerzak for assistance in 



19 



deriving one of the formulas. 



[1] A. Einstein, Preuss. Akad. Wiss. Sitzungsber., 448 (1918). 

[2] L.D. Landau and E.M. Lifschitz The Classical Theory of Fields (Oxford: Pergamon, 1975). 

[3] C. M0ller The Theory of Relativity (Oxford: Clarendon, 1972). 

[4] A. Papapetrou, Proc. R. Ir. Acad. A 52, 11 (1948). 

[5] P.G. Bergmann and R. Thomson, Phys. Rev. 89, 401 (1953). 

[6] S. Weinberg Gravitation and Cosmology (Wiley, New York, 1972). 

[7] D. Bak, D. Cangemi, and R. Jackiw, Phys. Rev. D49, 5173 (1994). 

[8] J. Garecki, Acta Phys. Pol. B8, 159 (1977); ibidemB9, 291 (1978); BIO, 883 (1979); J. Garecki 
and M. Golab, Acta Phys. Pol. Bll, 255 (1980); J. Garecki Rep. Math. Phys., 33, 57 (1993); 
ibidem 40 485 (1997); 43, 377 (1999); 44, 95 (1999); J. Garecki, Int. Journ. Theor. Phys. 35, 
2195 (1996); J. Garecki, Ann. Phys. (Leipzig) 11, 442 (2002). 
[9] J. Garecki, J. Math. Phys. 40 (1999) 4035 

[10] F.A.E. Pirani, Phys. Rev. 105, 1089 (1957); J.L. Synge, Relativity: the General Theory, 
(North-Holland Publishing Company, Amsterdam, 1960); M.A.G. Bonilla and C.F. Sopuerta, 
J. Math. Phys. 40, 3053 (1999); J.M.M. Senovilla, Class. Quantum Grav. 17, 2799 (2000); R. 
Lazkoz, J.M.M. Senovilla and R. Vera, Class. Quantum Grav. 20, 4135 (2003); P. Teyssandier, 
Superenergy tensors for a massive scalar field, e-print gr-qc/9905080; J.M.M. Senovilla, Gen- 
eral electro-magnetic docomposition of fields, positivity and Rainich-like conditions, e-print gr- 
qc/0010095; R. Lazkoz and J.M.M. Senovilla Properties of Bel currents, e-print gr-qc/0104091. 

[11] J. Garecki, Class. Quantum Grav. 22, 4051 (2005). 

[12] M.P Dabrowski and J. Garecki, Class. Quantum Grav. 19, 1 (2002). 

[13] M.P. Dabrowski and J. Garecki, Physical Review D70, 043511 (2004). 

[14] S. Hawking and G.F.R. Ellis The Large Scale Structure of Space-time (Cambridge University 
Press, 1999). 

[15] C. Brans R.H. Dicke, Phys. Rev. 124, 925 (1961). 

[16] Y. Fujii and K.-I. Maeda, The Scalar-Tensor Theory of Gravitation, (Cambridge University 
Press, 2003). 

[17] B. Boisseau, G. Esposito-Farese, D. Polarski, and A. A. Starobinsky, Phys. Rev. Lett. 85, 2236 



20 



(2000) . 

[18] G. Esposito-Farese and D. Polarski, Phys.Rev. D 63, 063504 (2001) . 

[19] P. Jordan, Zeit. Phys. 157, 112 (1959) . 

[20] E.E. Flanagan, Class. Quantum Grav. 21, 3817 (2004). 

[21] V. Faraoni, Phys. Rev. D 70, 081501 (2004). 

[22] M.P. Dabrowski, T. Denkiewicz, and D. Blaschke, Ann. Phys. (Leipzig) 17, 237 (2007). 

[23] J. Polchinski, String Theory (Cambridge University Press, 1998). 

[24] J.E. Lidsey, D.W. Wands, and E.J. Copeland, Phys. Rept. 337, 343 (2000). 

[25] M. Gasperini and G. Veneziano, Phys. Rept. 373, 1 (2003). 

[26] F. Quevedo, Class. Quantum Grav. 19, 5721 (2002). 

[27] S. Deser and B. Tekin, Conformal Properties of Charges in Scalar-Tensor Gravities, e-print: 
gr-qc/0609111. 

[28] Weyl H., Gott. Nachr., 99 (1921); L. Querella Class. Quantum Grav. 12, 3085 (1995). 
[29] D. Lovelock, J. Math. Phys. 12, 498 (1971). 

[30] T.S. Bunch, Journ. Phys. A 14, L139 (1981); F. Miiller-Hoissen, Phys. Lett. B 163, 106 

(1985); R.C. Myers, Phys. Rev. D 36, 392 (1987). 
[31] J. Garecki, Gravitation and Cosmology, 7, 1 (2001). 
[32] J. Garecki, Found. Phys. 37, 341 (2007). 
[33] M.P. Dabrowski and J. Garecki, in preparation. 

[34] T. Multamaki, A. Putaja, I. Valja, and E.C. Vagenas, Energy-momentum complexes in f(R) 

theories of gravity, arXiv: 0712.0276. 
[35] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980); G. Magnano and L.M. Sokolowski, Phys. Rev. 

D 50, 5039 (1994); S. Capozziello, V.F. Cardone, and A. Troisi, Phys. Rev. D 71, 043503 

(2005); S. Capozziello, S. NOjiri, S.D. Odintsov, and A. Troisi, Phys. Lett. B 639, 135 (2006); 

T. Chiba, Phys. Rev. D 75, 043516 (2007). 
[36] We use the sign convention ( — K--H — h), the Riemann tensor convention R a bcd — — r^ crf + 

r « r M " r l r ^ and the Ricci tensor is R bd = R\ ad . 



21 



